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Abstract
Our aim at this paper is to investigate properties of Shannon and REnyie entropy,
Kullback-Leibler (K-L) information and mutual information of generalized order statistics (GOS).

We show that discrimination information and Renyie information between distribution of GOS and
parent distribution, the discrimination information among the GOS and the mutual information
between GOS are all distribution free. We also discuss Renyie information properties of GOS.
Some bounds for K-L information is constructed.

Keywords: Generalized Order Statistics; differential entropy; Renyie Information; Kullback-
Leibler information; mutual information.

Introduction and notation

Kamps (1995) introduced generalized order statistics as a random variable having special
properties and certain joint density functions of ordered random variables such as order statistics, k-
records and etc. GOS provide unified approach to a variety of models of ordered random variables
with different interpretations, such as ordinary order statistics, sequential order statistics,
progressively type Il censored order statistics, record values, ko record values, and Pfeifer's
records.

Order statistics and records have been used in a wide range of problems, including statistical
estimation and prediction, characterization of probability distributions, seismology, detection of
outliers and goodness of fit tests. They can be consider as special cases of GOS . See for example
Arnold et al. (1992, 1998), David and Nagaraja (2003).

Information properties of records and order statistics have investigated by Baratpur et al.
(2007) and Ebrahimi et al. (2004), also Renyie (see Renyie (1961)) information properties explored
by some authors (see Abbasnejad and Arghami (2011)). Information properties of GOS are
investigated at this paper.

Suppose that Xrnmkx be the rm GOS , 50 if Xunmk, Xznmk,.., Xonmx b6 N GOS from the

cdf F(x), where n>1, m>-1, k >1 are real numbers. Joint pdf of

where yj =k+(n—j)(m+1), j=1,2,...,n. Also pdf of fx.,., (X) is given by
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(r=DI(m+21)rs
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(r=1)Y(m+1)r
Also we have

(FOQr2 FOOA=F " ()1, 1)

er;n,m,k (X) =

We define A';n,m,k =

, for simplicity, we shall write Anmx = A,

L @oomet),  me-t

Om (X) = (X) —hn (0) = {Tlﬁ%l—x) m=-1,xe[0,1)
where
i(l_x)mu, m=—1
hm (X) = {inlz%l—x) m=—1,xe[01) *
The joint pdf of Xinmk, Xsnmk, 1< T <s<n isgiven by

Cs1 - m r-1
TG S 00 F 008 (F ()

[ha (F(Y)) = o (FCO)J-r2(F(Y))s1 £(x), x<y. )

At this paper we explore informational properties of GOS , including Shannon and Renyie

entropy, Kullback — Leibler information, mutual and Renyie Information. Also we show that some
of this properties are generalizations of results contained in Ebrahimi et al. (2004) and Park (1995).
It is well known that Shannon and Renyie entropy and K-L, mutual and Renyie information are
defined as follows, respectively:

fr,s;n,m,k (X, y) =

H(X) = =] f ()logf (x)dx, A3)
I
Ho(X) = ﬂj—w f o (X)dX, (4)
Do (fi(x): fj(x)) = f:fi (x)log %dx, (5)
Ma (X,Y) =D (f(x,y): F(X)F(y)), (6)
. . -1 Py
D (1():900) = = slog [ €0 3 () ™

Hereafter, the range of integration will not be shown and should be clear from the context.

The rest of the paper is organized as follows. In the section (11) some results on the entropy
of GOS are presented. Section (Ill) presents some results on the discrimination information
function based on GOS . Section (IV) gives mutual information properties of GOS . In the last
section some results for Renyie entropy and information of GOS are obtained.

Entropy Of Generalized Order Statistics
At this section we explore the entropy of GOS . Using (1) and (3) we have

He (X+) = = finmic 010G (X)X,
using the fact that fx., ., (x) is a density function so,

Ifxr;n,m,k (X)dX = 1
Also it can be derived that
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J.fxr;n,m,k (X)IOQE(X)dX = L(W(L) _ !//(r + yr ))’
m+1" m+1 m+1
dI'(w)

where W(W)ZW’ is the digamma function and F(w)=f0+°°xW71efxdx, IS gamma
function. Also beta function defined by B(a,b) = %, and after some calculation it can be
+
obtained that,
AB(r, -
+1 :1’ (8)
m+1

SO we can obtain

[[frmmic (Olog(@—F " ()dx =y (1) —y (r + L),
m+1

Using results above, we get to
Ha (Xr) = {IogAﬂf‘ (" z ) "))+ (=) (r) —w (r +-L))}
m + m+1 m+1

~[ Fxeinm (X)logf (x)dx. 9)
Entropy of first and last GOS is obtained as follows:
Ha (Xs) = 1=10gs =1/ 71 = [ Figp mic ()l0GF (X)X

Ha (Xn) = {100A + 2 () p )+ (- D () (0 +—— )
m+1 m+1 m+1 m+1

- j Fxoenm (X)10GF (X)dX.
If we set k =1, and m =0 results for ordinary order statistics (0’OS) could be obtained, so

this results are generalizations of results contained in Ebrahimi et al. (2004) and Park (1995). Also if
we take k = R+1, and m =0 results for entropy of censored data would be extracted. If U has

standard uniform distribution with density g(u) =1,u €[0,1] then

Hn (Ur) = —{logh + 2= (w( PO p TN+ (=D () -y (r+ 0k (10)
m -+ m+1 m+1
SO
Hu (Xr) = Ha (Ur) = [ fio mic 0)logF (X)X
The following property of the standard uniform distribution is used in the sequel. Let
An(r) = Ho(Urs) = Ho(Ur) = [log r — ()] - [log - 7’” (L -1 (11)
m+1 7r+1
The equality is obtained by noting that r+1+-——— A r+L, v(n)—w(n-1)= i
m+1 m+1 n-1
—1— %4 =m, and A = r(m+1)_ We could obtain
A Yr1
m
An(r)+ <0, for r<= ( “ )
7r+1 2 m+1
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A +-Ms0, o or>S (12)
}/r+1 2 m+1

The inequalities (12) are obtained by noting that %—I/I' (w) <0 where y is the trigamma

function, see sandor (2005), pp 198-199, so logw —w (w) is a decreasing function. Readily, we can

4

m+1

Theorem 2.1 For any non-negative random variable X , with cdf F(x) , and real numbers
m K with M=-1 k=1 and integer I =1, the relation

Ha (Xri2) = Ha (X¢) = A (1) + [ g mic 0010gF (000X = [ 10 mic ()l0GF (X

is satisfied.

Proof.

The proof could be obtained using relations (9) and (10), and it is ommited.

Example 2.2 Let X Dbe a random variable having the exponential distribution
F(x) =1-e-ax. we write

J.fxr;n'm'k ()logf (x)dx =logA +[w(n—r +1) —w(n+1)]
then

show that An (%( ))=0. Aneven n, k =1, and m =0, resulted that r :g which is median.

Hn(Xr+1)—Hn(Xr) :L—An(r) >0
n—-r

The inequality can be seen at section (Ill). So, the entropy of rn GOS of exponential
distribution is increasing in r.

Discrimination Information

At this section discrimination information between distribution of GOS and parent
distribution and the discrimination information between the distribution of the GOS are discussed.

For simplicity we define fx,., .. (X)= fr(x), also from (5) we calculate K-L information

between distribution of GOS and the data distribution so we have
Dn(fr(x): f(x)) = Ifr (x)logf: (x) f (x)dx.
Using relations (9) and (10) we have
Dn (fr () (X)) = —Ha (Ur)
where U, has standard uniform distribution. Therefore, according to relation (10) the

discrimination information between the distribution of GOS and the parent distribution is
distribution free. Also Using relation (11), it can be seen that

D, ( fr+1(X)  f (X)) - Dy ( fr (X) o f (X)) = An (I‘)
Using (12), it concludes that among the GOS [%(n -1+ K

m+1
distribution to the data distribution. Also, as previously noted, in the case of 0’OS, for an even n,

)J» GOS has the closest

n . : N
An (E) =0, so among the order statistics the median has the closest distribution to the parent

distribution.
The K-L information between rn and st GOS is given by
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Dn (e (%) : f:(x)) = [ ()logf: (x) f: (x)dlx.
According to relation (1) we could write

fo(x) A — —met
:_FX r=7s 1_F X))r-s
) As[ (L7 ( (x))
A BT
which, # — 7 = (s—r)(m+1), and using relation (8) we have == —M+1 g5 it shall
B(r, ")
m+1
be written
B(s, P y
Dn (fr(x): fs (X)) = log —L2 4 (r = 8)[y (1) —y ()] (13)
B(r, 7 ) m+1
m+1
According to relation (13) it can be derived K-L information for consecutive GOS as
r(m+1 r m
Dn(fr (X) . fr+1(X)) = |Og ( ) —[l//(r) —l//( i )] = An (I‘) + . (14)

Yr+1 m+1 Yr+1
last equality comes from the relation (11). Also, it can be written

- = 1 T
Do (Fra(X) 1 fr (%) = log —Z— 4 [y (r +1) =y (L)) = [An(r) + 4=+ L1 (15)
r(m+1) m+1 yra© F m+1
equality for relation (15) comes from relation (14) and property of digamma function which noted

previously.
Now, according to this results the symmetric divergence could be obtained as follows

In(Frn (%), £ (X)) = Da(Fr (X) 1 Fron (X)) + Do (Fran (0 1 (X)) =~

Yr+1
Next we investigate ordering properties of distributions based on discrimination information
of GOS . We need some definitions in which X and Y denote random variables with distribution
functions Fx and F .
Definition 3.1 The random variable X is said to be stochastically less than or equal to the

random variable Y , denoted by X <« Y if Fx(z) <R (2), forall z.

Definition 3.2 The random variable X is said to be smaller in the likelihood ratio ordering
than the random variable Y, denoted by X <ir Y, if and only if there are densities f and g of
corresponding random variables such that f(u)g(v)> f(v)g(u), for all u<v, which means
fx (x)/ fv (x) is nondecreasing in x.

it is well known that X <r Y implies X <st Y .

Theorem 3.3 For m>0, letX and Y be two random variables and let W and Z:,
r=1,---,n be their GOS with densities f. and g., respectively.

a) |f Y SSI Wr and X Slr Zr then Dn(fr+1 gr+1)g Dn(fr gr) fOI’ I’ SE }/1 .
2m+1

b) |f Y Zst Wr+1 and X er Zr+1 then Dn(fr+]_ gr+1) 2 Dn(fr gr)fOI‘ r 2% 7/1 1
m +
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Proof.
a) write

Loy = f. (%) f.00 F0) 4
D, (f,:9,) = [f,(x)log 700 [, (9log == (00 T.00°
If,(x)log%dx+]f (x)log (( ))dx
=D, (f, : f)+jf,(x)|og J((X)) dx
Therefore,

D, (f,: G) = Dy(f,:9,) = Dy (Fa s 1)+ [ ,,00l0g — O dx =D, (1, )
gr+1(X)
f(x) dx
9, ()

= A (r) +_[fr+1(x)log gr:(>)<) dx — jf (x)log : (( ))dx

<M Ifr+l(x)log %dx —J‘fr(x)logﬁdx

7/r+1 r+l r(

~ [, (x)log

f(x) f(x) f(x) f(x)
< j f . (x)log mo|x - j f (x)log mdx < j f . (x)log 9 dx — j f . (x)log mdx <0.

The first inequality comes from the relation (12), the second inequality is due to the fact that m is
positive integer and for any r, 5 > 0. The third inequality comes from the fact that Wy <st Wr.1.

The last inequality follows the fact that X <ir Z,.
b) The proof is similar to the part a and is omitted.
Mutual Information
At this section, properties of mutual information are explored and we show that this measure
of information between consecutive GOS is distribution free. Using relation (2) joint density of rw
and r+1n GOS, is
— —m+l —
fera(X,y) = yea A (FOQ)m FO)A-F (X)) £ (Y)(F(Y))rras x<y.
Using relation (6) we calculate mutual information between rn and r + I GOS
© Y fr r+1(X1 y)
M n(Yr’Yr+ ) = fr r+ (X’ y)log —dXdy (16)
: JiooJ:w " 1:r(X) fr+1(y)
We show that mutual information between consecutive GOS is distribution free.
Theorem 4.1 Let X be a random variable having distribution fx (x) and let Y, r =1,...,n

.denote its GOS , then the mutual information between consecutive GOS is distribution free and
given by

—logF(M+1) i Vi
Mo (¥ Ye) = 10g == By (2D = ()
~rly(r+1) -y (T e
+17 m+1
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Proof.
Firstly, write

fr,r+1(X’ y) - r(m +l)
f () fa(y) A

so we have

Fr(-F (I

VB g E™ _-F )l
[ FOOF (QIL-F" ()]-1dx = BETYET

the equality is obtained using the change of variable z = 1-F™, According to the fact that
LB ()= F" (0logF (x)
m we have
[ £ 0F" (01 -F"" (x)]-1log F (x)dx

-F" (),

— L—m-*—l _—m+1 o —
= [m+1F (Y)Q-F  (y)rzlogF(y)+ (1)

Readily, it can be obtained

Yr+1
B(r+1,
( 1)

®© —7r+1-1 —m+1
[CHF™ (na-F (y)rdy = —M+L,
? m+1
from the fact that 7ra +M =7 —1 we get to
@ =71 —m+1 B(r’ m):_ 1) 7 "
[CTOF ™ (na-F " (y)rdy = [ (L) - (r + L),
B (m+1)2 m+1 m+1

according to the relation %[1—?”1} =[1-F "Tlog[l=F "7 it can be obtained that

B(r+1, /1)

O E ) E™ () Toa (1 E™ vy = e Ly e
Lof(y)F (Y)QA-F (y))'log(1-F (y))dy m+1) [w(r+1) !//(m+1)],

_r(m+1)
Yr+1

finally, Using the relations B(r +1,-2"1) B(r,—X—) and Ax=—2""_A and
m-+1 m+1

+ r(m+1)
(8), we get to the desired result.

Renyi Information

This section is devoted to investigation of Renyi information properties of GOS . Renyi
entropy is a generalization of Shannon entropy, see Renyi (1961). The entropy of order « or Renyi
entropy of a distribution is defined as relation (4) where « > 0, #1. It can be easily shown that

H«(X) > H(X) as @ —1. Let U be a random variable from the standard uniform distribution,
and U, denoted rin GOS. Then the Renyi entropy of U, can be expressed as

Bar(r 1) +1,—2— (3 1) - m +1). (17)
m+1

1 A
H5 =—-——Ilo
LI L |
In the following lemma, we obtain Renyi entropy of rm GOS from an arbitrary distribution

in terms of Renyi entropy of rn GOS from standard uniform distribution.
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Lemma 5.1 Let X be a random variable from the distribution F(x) and the quantile
function F-1(.) , and let X, be rm GOS of random variable X. Then Renyi entropy of X: can be
obtained as

1 1
Ha(Xr) = HS —Engg(z)[fa-l[F—l(l—(1—Zr)ﬁ)]],
where Z is a random variable, whose pdf is denoted by g(z) and is distributed as
Beta(a(r —1) +1,—%— (% —1) - m+1).
m+1

Proof.
Using formulas (1) and (4), and by transformation z = 1—Em+l(x), we have

H(X,) = ———log—2B(a(r-1) +1,—%— (7, 1) =m +1)
a-1 m+1 m+1

1
xEy[F'F (- (1-Z)m)]],
by applying relation (17) we get to the desired result.
f[F-1(.)] is called density-quantile function. see David and Nagaraja (2003).
As an application of the lemma (5.1) consider the following example.
Example 5.2 Let X be a random variable with density function f(x)= Ae-i. For
computing Renyi entropy, we calculate quantile function F-i(w)=-Alog(1-w), so density-
a-1
(1-2zna)

quantile function term can be expressed as feoa[F-1(1-(1- Z)ﬁ )= n
a-1

For simplicity, let a=a(r-1)+1 and b = Ll(]/r —1)—m+1. After some calculation we
m+

a-1
. B(a,b+—2)
getto Egi[far[F1(1-(1-2)na)]] = m+1 , finally, it can be obtained
//La—lB(a,b)
. B(a’b+a7—1)
He(Xr) - Hg = -———1log m+1

a-1 ﬂ,a—lB(a, b)
Theorem 5.3 For any random variable X, with density function f(x), the standard

uniform distribution has the minimum Renyi entropy of GOS .
Proof: Using Lemma (5.1) we have

1 1
Ha(Xr) - ng = —mlogEg(z)[fa—l[F—l(l— (1— Z)ﬁ)]]

Accordingto 0< f(x) <1, and & >1 readily it can be shown fafl[Ffl(l—(l—Z)ﬁ)]Sl,

S0, —LllogEg(z)[fa—l[F—l(l—(1—Z)ml+1)]] >0. Also, let 0 < <1 s0 —Ll >0, and
o — o —

foa[F1(1-(1- Z)ﬁ )] =1, using these inequalities we get to
1

~ L logE, [ FUF - (1-2)m )] 20,
a-1
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which completes the proof.
Definition 5.4 If X<tY and ¢ be a non-decreasing (non-increasing) function, then

E(p(X)) < (2)E(e(Y)). see Shaked and Shantikumar (1994).
Applying lemma (5.1) the Renyi entropy of (r +1)n GOS is expressed as

1 1
He = HS —ElogEg(z)[fa—l[F—l(l—(l—ZH—l)m)]],

Xr+1 r+1
we define
Aﬁ (r) = H)D(tl'+l - ng

1

-1 {alog A +logL (e, m, k) + log Eg‘z’[f“’l[':’l(i_(1_Zr)m+11)]]}

a-1 1 Esoy[ fat[F1(1—(1—Zrsa)ma)]]
wherein, L(a,m,k) = B(O‘Hl—a,b)_

B(ar+1,b—a)

Theorem 5.5 Considering the assumptions of lemma 5.1, if f(x) be a non-decreasing
function in x, then Ag(r)<0

Proof
Firstly, consider « >1. It can be shown that A r(m+1), so A <A for any
+1 Yr+1
rsL, also let c=ar+1 then L(a,m,k):M. Consider G(w):M, it is
2(m+1) B(c,b-«) I'(w)

clear that 0 < G(w) <1, so we have logG(x) <0, and using this fact that digamma function is a

non-decreasing function it can be shown that G(w) is a non-increasing function in W- In addition, it

_G(c) jal 1.1 1
" G(h) 2(m+1) 2'a m+l

we get logL(a,m,k) < 0. Afterwards, using assumption of the theorem, it is clear that for ¢ >1 and

by definition (5.4), it can be obtained
1
Es [for[Fo(1-(1-Zr)na)]] _
1
B[ fea[F1(1-(1-Zra)ma)ll
so forany « >0, A#(r)<0.
Proof for the case 0 < « <1 is similar to the previous case and is omitted.

Theorem 5.6  The Renyi information between distribution of GOS and data distribution is
distribution free and is obtained as

D (fr (x): £(x)) =—Hg (X)

Proof: The result is implied By relation (7) and transformation z = 1-F .

can be derived that L(e,m,k) thus, if ¢ >Db, thatis, r > —1), then

log 0,

Conclusion

In this paper, we explored informational properties of GOS, such as Shannon and Renyi
entropy, Kullback — Leibler , mutual and Renyi information. On the other hand, it showed that K-L,
mutual and Renyi information between distribution of the GOS and data distribution is distribution
free.
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